An analytical investigation of a half-car model with passenger dynamics, subjected to random road disturbance, is performed. Two di erent methods of de ning the performance index for optimal controller design are proposed. Nondeterministic inputs are applied to simulate the road surface conditions more realistically. Results obtained illustrate that using an optimal state-feedback controller, with passenger acceleration included in the performance index, would exhibit not only an improved passenger ride comfort, but also, a better road handling and stability.
Introduction
Demands for better ride comfort and controllability of road vehicles are pursued by many automotive industries by seriously considering the use of active suspensions. These electronically controlled suspension systems can potentially improve the ride comfort as well as the road handling of the vehicle.
In any vehicle suspension system, there are a variety of performance parameters which need to be optimized. The trade o between ride comfort and handling characteristics is usually a trial and error procedure which represents an optimization problem. There are four important parameters which should be considered carefully in designing a suspension system; namely, ride comfort, body motion, road handling, and suspension travel.
No suspension system can simultaneously minimize all four of the above mentioned parameters. The advantage of controlled suspension is that a better set of design trade-o s are possible rather than with passive systems, 10]. State-feedback control for active suspension is a powerful tool for designing a controller, 6, 11] . In this approach a mathematical representation for ride comfort and road handling will be optimized considering the actua-tor limitations. Since body motion and suspension travel could also be as functions of the system states, they will also be optimized during the design.
Linear optimal control theory provides a systematic approach to design the active suspension controllers, 2], and has been used by several investigators. Sinha et al., 12] , and Caudill et al., 1], have used this method to design active suspension controllers for railroad vehicles. Esmailzadeh, 5, 6 ] investigated a pneumatic controlled active suspension for automobiles. Hrovat appends this method with the concept of dynamic absorber for improved performance for quarter-car and half-car models, 7, 9]. Elmadany considered using integral and state feedback controllers for active suspension for half-car model, 4]. Shannan et al. considered the lateral and longitudinal motion for a full car model, and implemented active controller with linear optimal control, 11]. This paper will emphasize the methodology of controller design based on optimal control theory. A half-car model is developed considering passenger dynamics which to our knowledge is given little attention in the existing literature. Passenger dynamics is more important when ride comfort has to be studied, and provides the necessary tool to design the controller which will e ectively satisfy both the ride comfort and road handling performance.
Mathematical Modelling
This section is devoted to the mathematical modelling of vehicle, considering the passengers dynamics and road disturbance. A linear model is considered to represent the vehiclepassenger dynamics, while a normal random pro le is used to model the road roughness.
Vehicle-Passenger Model Figure 1 illustrates the half-car model of a passenger car, which has six degrees of freedom (6 dof). The model consisted of a body, two axles and two passengers. Body motions are considered to be bounce and pitch, with every axle having its own bounce. The passengers are considered to have only vertical oscillations. The suspension, tire, and passengers seats are modelled by linear springs in parallel with viscous dampers. The actuators are considered to be a source of controllable force, and located parallel with the suspension spring and shock absorber.
The system variable notations with their corresponding values are presented in Nomenclatures. The parameters related to the tires are denoted with subscript t, while, the passenger parameters have subscript p.
The system with six degrees of freedom are represented by the following states: body bounce, x; body pitch, ; tire de ection, x t1 ; x t2 ; and passenger vertical motions, x p1 ; x p2 . 
Road Roughness Model
In the early days of studying the performance of vehicles on rough roads, simple functions such as sine waves, step functions, or triangular waves were generally applied as disturbances from the ground. While these inputs provide a basic idea for comparative evaluation of designs, it is recognized that the road surface is usually not represented by these simple functions, and therefore, the deterministic irregular shapes cannot serve as a valid basis for studying the actual behaviour of the vehicle.
In this study a real road surface, taken as a random exciting function, is used as the input to the vehicle-road model. Power spectral density (PSD) analysis is used to describe the basic properties of random data.
Several attempts have been made to classify the roughness of a road surface. In this study, classi cations are based on the International Organization for Standardization (ISO). The ISO has proposed road roughness classi cation using the PSD values, 8], as shown in Figure 2 . The corresponding values are illustrated in Table 1 .
To make use of the above mentioned classi cation, a normal random input is generated with a variable amplitude. Using fast Fourier transform(FFT), a trial and error attempt is The performance characteristics which are of most interest when designing the vehicle suspension are passengers ride comfort, body motion, road handling, and suspension travel. The passenger acceleration has been used here as an indicator of ride comfort. Suspension travel and body motion are the states of the system, but road handling is related to the tire de ection. The controller should minimize all these quantities.
The linear time-invariant system, (LTI), is described by Equation 2. For controller design it is assumed that all the states are available and also could be measured exactly. First of all let us consider a state variable feedback regulator:
where K is the state feedback gain matrix. The optimization procedure consists of determining the control input u, which minimizes the performance index. The performance index J represents the performance characteristic requirement as well as the controller input limitations.
In this paper two di erent approaches are taken in order to evaluate the performance index, and hence designing the optimal controller. The rst approach is the conventional method, in which only the system states and inputs are penalized in the performance index. However, in the second approach special attention is paid to the ride comfort and hence, the passenger acceleration terms are also included in the performance index.
Conventional Method (CM)
In this method, the performance index J penalizes the state variables and the inputs; thus, it has the standard form of: (6) where Q and R are positive de nite, being called weighting matrices. Here the passenger acceleration which is an indicator of ride comfort is not being penalized.
To obtain a solution for the optimal controller introduced in Equation 5 the LTI system must be stabilizable, 3]. This condition unlike controllability is rather more accessible. A system is de ned stabilizable when only the unstable modes are controllable. Therefore, for a system with no unstable mode, being the case considered in this paper, the optimal solution is guaranteed.
Linear optimal control theory provides the solution of Equation 6 in the form of Equation
5
. The gain matrix K is computed from: K = R ?1 B T P
where the matrix P is evaluated being the solution of the Algebraic Riccati Equation, (ARE). AP + A T P ? PBR ?1 B T P + Q = 0 (8) Equation 2 for the optimal closed-loop system, being used for computer simulation, may be written in the form of: _ x = (A ? BK)x + Gw (9) Acceleration Dependent Method (ADM)
In this method the two passenger accelerations are included in the performance index.
Suppose that the vector z represents the passengers acceleration, in the form of:
The performance index could be written in the following form
The weighting matrix for acceleration terms in the simple case may be assumed diagonal: 
Simulation Results
A program has been written using Matlab Software, to handle the controller design and simulation. To have a quantitative comparison between the di erent simulation results, a stochastical approach is followed. Since the input to the system is in the form of normal random distribution, it is expected to have normal distributed outputs. Therefore, we can calculate useful probability values for the signals.
For a Gaussian normal distribution, the probability function of the random signal x(t) can be written In this study, there are some limits assigned for all the states, both passenger acceleration, and actuator limits in order to satisfy the required ride comfort, road handling, and the design restriction. These limits are illustrated in Table 3 . The rst condition in designing the controller is to satisfy these limits. This can be examined by checking the probability values of the outputs.
For a quantitative comparison between the two controllers, for each variable the amount of bounding limit with 90% probability is calculated. This quantity can be easily obtained using standard deviation of the signal together with Equations 20 and 21. Let (Erf) ? 90 represents the bounding limit of the random signal x with 90% probability. This quantity can be used to compare di erent designs quantitatively.
The problem of controller design is then a challenge for nding suitable weightings that satis es the design performances. This can be done by trying an arbitrary weighting matrix W and comparing the resultant x 90 of the closed loop system to the prescribed limits, and adjusting the weighting elements due to this comparison. This methodology has been forwarded for a typical mid size car and the results are illustrated in Figures 3 to 5 .
Let us rst examine the e ect of active system to remedy the drawbacks of the passive system. The numerical values used in the simulation for system parameters are given in Nomenclatures. Figure 3 illustrates clearly how the active suspension can e ectively absorb the vehicle vibration in comparison to the passive system. There are the body motions, passengers acceleration, and tires de ection compared in this gure. Conventional method Table 5 . The body motion and passenger accelerations in the active system are reduced signi cantly, which guarantee better ride comfort. Moreover, the tire de ection is also smaller in the active suspension system; therefore, it is concluded that the active system retain both better ride comfort and road handling characteristics compared to the passive system. Tables 4 give quantitative comparison of these systems, which illustrates the system variables bounds with 90% probability for passive and both active systems. In this statistical comparison it is shown that the the body bounce and passenger acceleration in active case are reduced to about half of their values in passive system, and the tire de ection is also reduced 25%. This con rms the e ciency of the active suspension in both ride comfort and road handling performance. Now let us compare the results of two di erent methods of controller design in detail. Figure 4 body bounce and pitch, passengers accelerations and the tires de ection are compared. The weightings used in this case is given in Table 5 . The body motions are lower in CM, the tires de ection are approximately the same in both methods; however, the passenger accelerations are signi cantly lower in the ADM approach. This implies that ADM could improve the ride comfort, while retaining the road handling performance. Figure 5 compares the actuator forces of the two di erent methods. The actuator forces are well below the limits and practically implementable. In ADM approach gaining better passenger acceleration is possible by the cost of larger actuator forces. However, optimal controller design could limit the actuator forces in some realistic bounds. Table 4 give a quantitative comparison of the above mentioned methods. This table gives the variable limits with 90% probability. Comparing the variable limits with the prescribed limits in both methods, the controllers are able to satisfy all the limits. However, ADM approach is more successful in reducing the passengers acceleration. The body motion and tire de ection limits do not have signi cant di erence in both methods. These quantitative values could be as an e ective tool for the designer to satisfy the required performance or to compare di erent designs.
90% Probability Bound

Conclusions
The objective of this paper has been to examine the use of optimal state-feedback controllers for improving the ride comfort and stability performance of the road vehicles. The The result of comparison, presented in this paper, lead to the conclusion that the optimal control theory provides a useful mathematical tool for the design of active suspension systems. Using random inputs for road surface disturbances applied to the vehicle, make it possible to have a more realistic idea about the vehicle dynamic response to the road roughness.
The suspension designs which may have emerged from the use of optimal state-feedback control theory proved to be e ective in controlling vehicle vibrations and achieve better performance than the conventional passive suspension. The stochastical comparison of the nal designs could well be used in further improvement of the controller performance. Moreover, it provides either a detailed quantitative comparison between di erent designs, or a better degree of satisfaction for the required performances. 
